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Retarded resonance Casimir-Polder interaction of a uniformly rotating two-atom
system
Saptarshi Saha,∗ Chiranjeeb Singha,† and Arpan Chatterjee‡
Department of Physical Sciences, Indian Institute of Science Education and Research Kolkata, Mohanpur - 741 246, WB, India
We consider here, a two-atom system is uniformly moving through a circular ring at an ultra-
relativistic speed and weakly interacting with common external fields. The vacuum fluctuations of
the quantum fields generate the entanglement between the atoms. Hence an effective energy shift
is originated, which depends on the inter-atomic distance. This is commonly known as resonance
Casimir-Polder interaction (RCPI). It is well known that, for a linearly accelerated system coupled
with a massless scalar field, we get a thermal response when the local inertial approximation is
valid. On the contrary, the non-thermality arises in the presence of the centripetal acceleration.
We use the quantum master equation formalism to calculate the second-order energy shift of the
entangled states in the presence of two kinds of fields. They are the massive free scalar field and
the electromagnetic vector field. For both cases, we observe the non-thermal behavior. A unique
retarded response is also noticed in comparison to the free massless case, which can be observed via
the polarization transfer technique.
PACS numbers: 04.62.+v, 04.60.Pp
I. INTRODUCTION
A remarkable distinction of classical to the quantum
domain is the existence of the zero-point energy [1].
Feynman pointed out that the change in the zero-point
energies give rise to the Lamb shift in the atomic energy
levels [2]. Similarly, the van dar Waals interaction occurs
due to the zero-point fluctuations. The vacuum fluctu-
ations produce a non-vanishing dipolar moment of the
atoms [3]. Hence a 1/R6 dependent potential appears
in the system. Here R is the distance between the two
atoms. In the relativistic limit, the interaction is further
modified by the influence of the retardation effect [4].
It is widely known as Casimir-polder interaction (CPI).
The force associated with this interaction is known as the
Casimir Polder force (CPF), for two parallel conducting
plates, the force is attractive, and the expression of the
force is given by, δF = − π2240R4 . Several experimental
verifications exist for the CPI, which proves the Casimir
physics as a hallmark in the quantum field theory [5, 6].
CPI is also used as an essential tool to analyze local cur-
vature effects in the presence of quantized fields [7–9].
In addition, a thermal character is connected with the
vacuum fluctuations of the quantized fields. It is com-
monly known as the thermalization theorem, which tells
that if a uniformly accelerated particle detector interacts
with the vacuum state of the external field and sponta-
neous emission occurs, then the detector behaves as if it
is in a thermal bath [10]. Hence the major implementa-
tion of Casimir physics is shown in thermal-nonthermal
scaling of a linearly accelerating atom, interacting with
a massless scalar field [11–14]. One major drawback of
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linear accelerating detectors is that the value of acceler-
ation is very large to produce 1K temperature [15]. In
contrast, Bell and Leinaas identified that in a circular
storage ring, one could produce a relatively higher effec-
tive temperature within a shorter time-scale [16]. Unlike
the uniformly accelerated detector, the rotating detector
cannot achieve a thermal state, as for the circular motion,
there is no existence of event horizon [17, 18]. However,
due to the experimental efficiency of the moving electrons
in the circular storage ring, exploring Casimir-physics in
the rotating co-ordinates is one of the developing area in
last few decades [19–21].
Here we consider an atomic system weakly interact with
the external quantum fields. These systems are fre-
quently known as open-quantum system [22, 23]. The
reduced dynamics of the system sharply depend on the
field correlation function. There exist several parallel ap-
proaches to calculate the atomic energy level shift due
to vacuum fluctuations [24]. Dalibard-Dupont-Cohen
(DDC) calculated the rate of change of the mean atomic
energy, which basically determines spontaneous excita-
tion rates and radiative reactions under the vacuum fluc-
tuations [25]. Similar methods based on Langevin dy-
namics are used to calculate the fluctuation induced in-
teractions [26]. The quantum master equation (QME) is
also an important tool to derive the reduced dynamical
equation of the atoms [27, 28]. Benatti first described the
positive time-evolution of the quantum systems weakly
coupled with a scalar field in the Minkowski vacuum [29].
Later multiple attempts by using the QME formalism
are found to analyze the Casimir physics from scratch
[13, 14, 30]. The system-field weak coupling Hamilto-
nian gives an effective second-order contribution in the
QME. It consists of two parts, the real part gives a dissi-
pative dynamics, and the imaginary terms give a second-
order shift term of atomic levels. This shift is known as
Lamb shift [22]. If the atoms are interacting with the
same external field, then there is a possibility of the cre-
2ation of field-induced entanglement, which is known as
the common-environment effect [31, 32]. The individual
system-field interaction cross-terms in the second order
of QME also produce a shift term in the dynamics which
are particularly dependent on the distance between the
two atoms. As a result, there is a formation of inter-
atomic correlation in the dynamics. This interaction is
called resonance Casimir Polder interaction (RCPI) [13].
One of the atoms are kept in a ground state and the
other in an excited state. Due to the interaction with
the vacuum of the same quantized field, the exchange of
real photons occurs, and we are getting a non-zero ex-
pectation value of the correlated state. This phenomena
gives rise to resonance interaction [12].
In this paper, we briefly discuss the RCPI in the circular
storage ring. We assume the atoms are rotating syn-
chronically with their separation perpendicular to the
plane of motion. For a two-atom system coupled with a
massless scalar field, the result is quite straight-forward
[21]. If we impose some interactions in the external field,
then several non-thermal features come to the scenario.
For a massive scalar field in Schwarzschild spacetime, the
RCPI shows a retarded behavior[30]. In the presence of a
vector field (i.e. electromagnetic field) the response also
shows a non-Planck spectrum [12, 19, 33, 34]. We simul-
taneously consider these two above interactions in our
calculations. The energy shifts due to RCPI are calcu-
lated. The shift terms show a unique retarded behavior
in comparison with the massless case. We also derive the
length-dependence of the RCPI and compare it with the
thermal behaviors. The energy shift can be encoded by
the polarization transfer technique. For two stationary
qubit, quantum information can be transferred between
different polarization modes within the coherence time
[35]. That information transfer can be envisaged using
any kind of spectroscopy [36, 37]. Still, one cannot get
ride of the decoherence effect due to system-environment
coupling. However, in the intermediate time regime or
before the system equilibrate, the effectiveness of this
procedure brings a new era in the field of quantum in-
formation processing and quantum technologies [38, 39].
We also give here a theoretical analysis to distinguish the
retardation effect of RCPI using the concepts of polar-
ization transfer.
II. DYNAMICS OF A TWO-ATOM SYSTEM
We assume here, two atoms are rotating syn-
chronically in a circular orbit and the perpendicular dis-
tance in the rotating plane is defined as L, which is fixed
[20]. The angular speed is λ0, R is the radius of the cir-
cular orbit. The tangential velocity is V = λ0R. Now,
we focus on the dynamics in the ultra-relativistic regime
because the high acceleration needed for experimental
realization, it can only be achieved in that regime [18].
The positions of the atoms in terms of proper time, are
written by,
t1(τ) = γτ, x1(τ) = R cos
γτV
R
, y1(τ) = R sin
γτV
R
, z1(τ) = 0
t2(τ) = γτ, x2(τ) = R cos
γτV
R
, y2(τ) = R sin
γτV
R
, z2(τ) = L . (1)
Here γ = 1/
√
1− V2 is the Lorentz factor. The cen-
tripetal acceleration is given by a = V2γ2/R, which will
provide a length scale in the dynamics. The atoms are
weakly coupled with the external quantum fields. The
distance between the atoms is taken to be smaller than
the correlation length of the field. Total Hamiltonian of
the system+field is written as [29],
H = Hs +Hf +Hsf .
Hs is the free Hamiltonian of the system, it is expressed
as, Hs = ω0/2
(
σz ⊗ 1+ 1⊗ σz
)
. The system is taken to
be isotropic. Hf is the normal ordered field Hamiltonian.
Following the second quantization technique, it can be
expressed as,
Hf =
∫
d3k
(2π)3
Eka
†(k)a(k) . (2)
Ek is the frequency of the field and a, a
† is the creation
and annihilation operator. Exact expression of the oper-
ators are depend on the characteristics of the field. The
system-field coupling Hamiltonian is expressed as,
Hsf = α
3∑
µ=0
[
σ(1)µ ⊗ φµ(x1) + σ(2)µ ⊗ φµ(x2)
]
, (3)
α is the coupling strength. φ is the field and x1, x2 are
the individual trajectories of two atoms which is defined
earlier. We define,
φµ(x) =
N∑
a=1
[
χaµφ
−(x) + (χaµ)
†φ+(x)
]
, (4)
φ∓(x) is the negative and positive field operator of the
field and χaµ are the corresponding complex coefficients
3[29]. The system + field formed a closed system. To find
a dynamical equation of the system, the starting point is
the “Von Neumann-Liouville” equation [22]. It is given
by,
dρ(t)
dt
= −i[Hs +Hf +Hsf , ρ(t)] . (5)
The Eq. (5) is further expanded to the second order of
the perturbing Hamiltonian Hsf and after taking trace
over the field variables the reduced dynamical equation
of the two-atom system in proper time (τ) can be written
as,
dρs(τ)
dτ
= −i[Hs +Hlamb, ρs(τ)] + L
(
ρs(τ)
)
. (6)
The above equation is called the Lindblad equation or
the quantum master equation [27, 28]. The time evo-
lution operator is a one parameter semi-group and the
completely positivity and trace preservation holds. The
initial correlation between the system and field is ignored,
it is called “Born-approximation” [23]. Hlamb is the sec-
ond order effective Hamiltonian. It produces the shift
term in the dynamics. L is called the dissipator, which
generates the irreversibility in the reduced dynamics of
the system. The exact mathematical expression of this
two quantity is written by,
L(ρs) = 2∑
a,b=1
3∑
j,k=1
γabjk
(
σkb ρsσ
j
a −
1
2
{σjaσkb , ρs}
)
, (7)
Hlamb = − i
2
2∑
a,b=1
3∑
j,k=1
Sabjkσjaσkb , (8)
Here Sabjk and γabjk is originated from the Fourier transform
of the two-point correlation function. They are Kramers-
Kronig pairs to each-other. Due to the common-
environment effect, the atoms become entangled through
the field correlation function. This entanglement has an
initial value dependency [29]. The field induced shift
term is calculated from the Hilbert transforms of the re-
sponse function of the field.
Kab(ω0) = P
πi
∞∫
−∞
dω
Gab(ω)
ω − ω0 . (9)
P is the Cauchy principal value. Gab(ω) is the response
function of the field and it is defined as,
Gab(ω) =
∞∫
−∞
d∆τ eiω∆τ Gab(∆τ) . (10)
Here we assume χaµ satisfies
N∑
a=1
χaµ
(
χaν
)†
= δµν . So the
field correlation functions are diagonal i.e. Gabij (x− y) =
δijG
ab(x− y), which is given by,
Gab(∆τ) = 〈Φ(τ,xa)Φ(τ ′,xb)〉 , (11)
Here ∆τ = (τ − τ ′). From the K.M.S condition, the de-
tector response function of a linear accelerating particle
detector in a massless scalar field is given by [40],
G(ω) = |ω|
2π
{
θ(ω)
1
eω/T − 1 + θ(−ω)
(
1 +
1
e|ω|/T − 1
)}
.(12)
T = a/2π, a is the linear acceleration. The first term
determine the absorption rate and the second term de-
termine the induced and spontaneous emission rate. The
Planck factor in the Eq. (12) ensures that the parti-
cle detector perceive a thermal bath of temperature T .
For a circularly rotating observer, the Planck spectrum
is replaced by several anonymous factors which impose
non-thermality in the system [18]. In the RCPI, only the
spontaneous radiative process occurs hence there is no
use of the number densities in calculation of the response
function [13, 14, 41]. Here we can write the form of Sabjk
as,
Sabjk = Aabδjk − iBabǫjklδ3l −Aabδ3jδ3k , (13)
where the terms Aab and Bab are given by,
Aab =
λ2
4
[Kab(ω0) +Kab(−ω0)] , (14)
Bab =
λ2
4
[Kab(ω0)−Kab(−ω0)] . (15)
The cross terms of the individual system-field Hamil-
tonian contribute in the off-diagonal elements of Hlamb
and the expectation values of symmetric (|E〉) and anti-
symmetric states (|A〉) are non-zero, which tells that the
atoms become entangled in the intermediate time-regime
due to Lamb shift. The expectation values of this two
state is given by,
δESLS = 〈E|Hlamb|E〉
= −2 i [A2 +A1] ,
δEALS = 〈A|Hlamb|A〉
= 2 i [A2 −A1] . (16)
Here, A11 = A22 = A1, A
12 = A21 = A2. A1 denotes the
self term in the interaction and A2 corresponds to cross
terms. The resonance Casimir Polder force (RCPF) is
defined as, δf = −δE/δL. Hence we consider only the
length(L) dependent terms for the derivation of RCPI
[30]. As a result, the contribution from A1 in Eq. (16) is
neglected. Finally, we define, δESLS = −δEALS = δE.
III. TWO ATOMS IN A MASSIVE SCALAR
FIELD
Here we consider two atoms moving in a circular or-
bit and weakly interacting with the massive scalar field.
The frequency of the field in Eq. (2) is given by, Ek =√
k2 +m2. Two-point correlation function of the massive
4scalar field is [42],
G(x, x′) ≡ 〈0|Φˆ(t, x)Φˆ(t′, x′)|0〉
=
∫
d4k
(2π)
3
2
δ(k2 −m2)e−ik(x−x′) ,
= − m
4π2
K1
(
m
√
(t− t′ − iǫ)2 − (x− x′)2)√
(t− t′)2 − (x− x′)2 .
(17)
This is called the positive-frequency Wightman function.
iǫ is chosen to be small. For a small mass limit, the
expression in Eq. (17) reduced to the case under massless
scalar field. On the other hand, in a high mass limit, the
correlation function has an exponential decay factor, so
the RCPI has a similarity with the Yukawa potential in
that limit. We are working in the ultra-relativistic limit
(γ >> 1) and in this limit, using the co-ordinates given
in Eq. (2) we get the expression for two-point correlation
function as,
G11(∆τ) = G22(∆τ)
=
m
4π2
K1(m∆τ
√
1 + a2∆τ2/12)
∆τ
√
1 + a2∆τ2/12
,
G12(∆τ) = G21(∆τ)
=
m
4π2
K1(m
√
∆τ2(1 + a2∆τ2/12)− L2)√
∆τ2(1 + a2∆τ2/12)− L2 .
(18)
The spontaneous emission rate for the massless and the
massive case generally does not coincide. The differences
lies in the mass gap of the energy spectra which is in-
dependent of the particle trajectory [43]. In case of cir-
cular motion in massless scalar field the expressions for
response function was calculated in [20, 21]. Following
the same analogy, the response function for the massive
scalar field is given by,
G11(Ek) = G22(Ek)
=
a
8
√
3π
e−2
√
3
Ω(Ek,m)
a +
Ω(Ek,m)
2π
; (Ek > m) ,
G12(Ek) = G21(Ek)
=
a
4π
e−
Ω(Ek,m)
a
√
6
√
1+a2L2/3+6√
6(
√
1 + a2L2/3 + 6)(1 + a2L2/3)
+
a
2π
sin
(Ω(Ek,m)
a
√
6
√
1 + a2L2/3− 6)√
6(
√
1 + a2L2/3− 6)(1 + a2L2/3)
; (Ek > m) .(19)
Here we define Ω(Ek,m) =
√
E2k −m2. The presence of
mass gap is quite similar with the linear case in massive
field [30]. The non-Planck exponential terms in Eq. (19)
is neglected. The RCPI for the two atoms in massive
scalar field is given by [30],
δE =
α2P
2π
∞∫
m
dΩ(Ek,m)
( 1
Ek − ω0 +
1
Ek + ω0
)G12(Ek) .(20)
For m > ω0 the interaction behaves like Yukawa poten-
tial. The interaction becomes short range and decays
beyond a characteristic time scale 1/m [30]. We are in-
terested in the other limit, ω0 > m. In this limit the
RCPI is given by,
δE = α21 a
cos
(√ω20−m2
a
√
6
√
1 + a2L2/3− 6)√
6(
√
1 + a2L2/3− 6)(1 + a2L2/3)
. (21)
All the numerical factors are absorbed in α, so the mod-
ified interaction strength is defined as, α1.
A. The length dependence and retarded response
of RCPI
The expression in Eq. (21) has a dependency on aL,
(aL = V
2L
(1−V2)R ). We analyze the resonance interaction
in two limiting cases. The condition, aL << 1 can be
achieved when the inter-atomic separation is very small
with comparison with the radius of the circular path,
(L << R). Basically this set up is nearly equal to the
linear acceleration case, where inertial approximation is
valid. In this limit, the expression can be written as,
δE = α21
cos
(√
ω20 −m2L
)
L
. (22)
In the small mass limit (m << ω0), the phase lag (δη) in
RCPI with respect to massless case is given by,
δη =
m2L
2ω0
. (23)
5In this limit, the length dependence of RCPI exactly
matches with the linear case and for m = 0. It matches
with the thermal response. For the other case, aL >> 1,
which is experimentally easier to achieve in the ultra-
relativistic limits. The RCPI is given by,
δE = 31/4α21
cos
(
121/4
√
ω20 −m2
√
L
a
)
√
2
√
aL3
. (24)
Similarly in the small mass limit (m << ω0), the phase
lag w.r.t massless one is given by,
δη =
121/4m2
2ω0
√
L
a
. (25)
In this limit the local inertial approximation is violated
so non-thermality arises. The length dependency is also
not equal with the linear acceleration case [30]. The l/L2
dependence is replaced by 1/
√
aL3. Here 1/l is the lin-
ear acceleration. The presence of centripetal accelera-
tion in the system gives a different result from the linear
case. For m2 > ω2, in the above equations (22, 24) the
cos
(√
ω20 −m2
)
term is changed by exp
(−√m2 − ω20),
so the response for the Yukawa like potential is also ex-
ponentially decaying with the mass [30].
IV. TWO ATOMS IN ELECTROMAGNETIC
VECTOR FIELD
In this section we consider the two atom system is ro-
tating in a circular path and weakly coupled with the
electromagnetic field. The Lagrangian of the EM field is
obtained by [44],
L = −1
4
FuvF
uv − 1
2
(∂vA
v)2 . (26)
Here Fuv = ∂uAv − ∂vAu, Au is the electromagnetic vec-
tor potential, Au = (φ, ~A). Here we use the Feynman
gauge [44]. Hence the photon operator can be written
as,
Av(~x) =
∫
d3p
(2π)3
1√
2|~p|
3∑
λ=0
ǫλv (~p)[a
λ
pe
i~p.~x + aλ †p e
−i~p.~x] .(27)
Here ǫλv is the polarization vector. The normalization is
defined as, ǫλv ǫ
λ′
u ηλλ′ = ηuv. The two point correlation
function in the Feynman gauge is written as [19, 44],
〈0|Ai(x)Aj(x′)|0〉 = ηij
4π2{(t− t′)2 − (x− x′)2} . (28)
The spins are coupled to the electric field via a dipolar
coupling. The dipolar moment of the individual atoms
are given by, ~d = e~r. e is the charge of the atoms. The
dipole moment in terms of Pauli matrices is given by,
~d = −σ− ~Y∗ − σ+ ~Y . (29)
Here ~Y = e〈E|~r|A〉. The self terms produce a very
small shift of the Zeeman energy levels, so 〈E|~r|E〉 =
〈A|~r|A〉 ≈ 0. We only consider the off-diagonal elements
which causes the transition in the atomic energy levels.
The coupling Hamiltonian is written as [23],
Hsf = ~d1. ~E(x1) + ~d2. ~E(x2) . (30)
Two spins are identical, so ~d1 = ~d2 = ~d0. Here Ei =
−∂Ai/∂t. Therefore the two point function of electric
field is given by,
〈0|Ei(x)Ej(x′)|0〉 = (∂0∂′0δij − ∂i∂j)〈0|Ai(x)Aj(x′)|0〉 .(31)
The two-point correlation function in the ultra-
relativistic regime is given by,
G11(∆τ) = G22(∆τ)
=
1
π2
1
∆τ4(1 + a2∆τ2/12)2
,
G12(∆τ) = G21(∆τ)
=
1
π2
1
(∆τ2(1 + a2∆τ2/12)− L2)2 . (32)
The Fourier transform of the above Eq. (32) is given by,
G11(Ek) = G22(Ek)
=
2a2Ek
2π
+
2E3k
π
,
G12(Ek) = G21(Ek)
=
a2
3π
Ek cos
(
Ek
a
√
6
√
1 + a2L2/3− 6)
(
√
1 + a2L2/3− 1)(1 + a2L2/3) +
4a3
63/2π
sin
(
Ek
a
√
6
√
1 + a2L2/3− 6)
(
√
1 + a2L2/3− 1) 32 (1 + a2L2/
6+
8a3
3
√
6π
sin
(
Ek
a
√
6
√
1 + a2L2/3− 6)√
(
√
1 + a2L2/3− 1)(1 + a2L2/3)3/2
. (33)
The contour is chosen in the upper half of the complex plane. The contribution from the imaginary poles are neglected
as they give an exponential decay. In the Eq. (20) if we use the form of G12(Ek) from Eq. (33), the RCPI of the atom
in the electromagnetic field is then given by,
δE = d20′
(a2
3
ω0 sin
(
ω0
a
√
6
√
1 + a2L2/3− 6)
(
√
1 + a2L2/3− 1)(1 + a2L2/3) +
4a3
63/2
cos
(
ω0
a
√
6
√
1 + a2L2/3− 6)
(
√
1 + a2L2/3− 1) 32 (1 + a2L2/3)
+
8a3
3
√
6
cos
(
ω0
a
√
6
√
1 + a2L2/3− 6)√
(
√
1 + a2L2/3− 1)(1 + a2L2/3)3/2
)
. (34)
All the numerical factors are absorbed in the dipolar cou-
pling strength. The modified dipolar coupling constant
is defined as, d0′ .
A. The length dependence and retarded response
of RCPI
Following the same manner, if we analyze the reso-
nance interaction in the two limits, for aL << 1, it can
be expressed as,
δE = d20′
(2ω0 sin(ω0L)
L2
+
4 cos(ω0L)
L3
+
8a2
3
cos(ω0L)
L
)
.
(35)
The length scale dependence is quite ambiguous. It con-
sists of three terms. The terms are also simultaneously
proportional to system energy levels and square of cen-
tripetal acceleration. It clearly denotes non-thermality
in the region where local inertial approximation is valid.
In the opposite limit, aL >> 1, the expression is,
δE = d20′
(√3ω0 sin (121/4ω0√La )
aL3
+
cos
(
121/4ω0
√
L
a
)
√
aL7
(25× 31/4
3
√
2
))
. (36)
In this limit the RCPI also shows a strong non-thermality.
The expressions for the RCPI in both the limits can be
expressed as, δE = d20′
√
α2 + β2 cos(γ − δη), from here
we can easily extract the expression for the length de-
pendence (
√
α2 + β2) and phase lag (δη). For aL << 1,
γ has the same form like the massless case (γ = ω0L).
The amplitude and phase lag is given by
√
α2 + β2 =
√
4ω20
L4
+
( 4
L3
+
8a2
3L
)2
,
δη = tan−1
(ω0L
2
)
, (37)
and for aL >> 1, (γ = 121/4ω0
√
L
a ). The phase lag and
amplitude is given by,
√
α2 + β2 =
√
3ω20
a2L6
+
1
aL7
(25× 31/4
3
√
2
)2
,
δη = tan−1
(3× 121/4ω0
25
√
L
a
)
. (38)
In both the cases, the the resonance interaction exhibit
non-thermal signatures. The amplitude has a crucial de-
pendency on Zeeman frequency of the atoms. The re-
sponse also shows a phase lag in the dynamics.
V. INSTANTANEOUS POLARIZATION
TRANSFER USING RCPI
In this section, we give a computation protocol to in-
spect the retardation effect using the polarization trans-
fer technique. In particular, as an example, we will dis-
cuss about the transfer of different magnetization modes
in a system of two spin-1/2 magnetic dipoles. For sin-
gle spin system, there exist three possible magnetization
modes namely σx, σy, σz . Following the same logic, for
two spin system the number of possible magnetization
modes is fifteen. The trace preservation is a constraint
in the system. As the atoms has same energy levels, the
number of the independent magnetization modes reduces
to nine. The modes are given by,
Fi = Trs{(σi ⊗ 1+ 1⊗ σi)ρs} ,
Fii = Trs{(σi ⊗ σi)ρs} ,
Fij = Trs{(σi ⊗ σj + σj ⊗ σi)ρs} . (39)
Here i = x, y, z. We consider here only those elements
of the RCPI Hamiltonian which is responsible for the
creation of the inter-atomic correlation. The form of the
Hamiltonian in the Zeeman basis is given by,
Hia = δE
2
(σx ⊗ σx + σy ⊗ σy) . (40)
7Hia is the effective Hamiltonian of the resonance interac-
tion. In the intermediate time scale, the effect of dissipa-
tion can be ignored. Hence the dynamics is pure unitary.
So the magnetization modes are changing with time. The
dynamical equation in interaction frame is written as,
dρIs
dτ
= −i[HIia, ρIs] . (41)
ρIs is the density matrices in interaction frame. For sim-
plicity we neglect the I in the superscript of the density
matrices. The RCPI Hamiltonian is unchanged in the
interaction frame. In terms of magnetization modes, it is
given as,
d
dτ
(Fx −Fy) = δE
2
(Fxz + Fyz) ,
d
dτ
(Fxz + Fyz) = −δE
2
(Fx −Fy) . (42)
Other modes are unchanged under the interaction. For
initial magnetization, Fx(0)−Fy(0) = N1 and Fxz(0) +
Fyz(0) = 0, the solutions of Eq. (42) are expressed as,
Fx −Fy = N1 cos δEτ
2
,
Fxz + Fyz = N1 sin δEτ
2
. (43)
We can distinguish the energy shift due to RCPI for
massive and EM field case with the massless case using
the polarization transfer technique. The magnetization
transfer time is different for the interaction of the atoms
with various quantum fields. For τin =
π
δE , the mag-
netization switches to Fxz(τ) + Fyz(τ). Here τin is the
instantaneous time-scale. We assume τc << τin << T1.
τc is the field-correlation time, and T1 is the system relax-
ation time in proper frame. In lab frame the expression
for the instantaneous coherence time is expressed as,
tin =
π
δE
√
1− λ20R2
(44)
An initial magnetization mode Fx(0)−Fy(0) can be cre-
ated by using different pulse sequence which is routinely
used in nuclear magnetic resonance spectroscopy [45, 46].
Similarly, the frequency spectrum in the Fourier domain
gives a clear picture about the different types of responses
for a fixed L. The Fourier transform of the temporal re-
sponse of RCPI is delta function [f(ω) = δ(ω − δE)].
So, the various peaks correspond to different δE. In the
presence of relaxation, the delta function modifies by a
Lorentzian distribution.
VI. DISCUSSIONS
As a summary, in this paper, we explore the RCPI of
a syn-chronically rotating two-atom system in the circu-
lar storage ring. The atoms move through a quantized
field. They are kept in a ground state and excited state
and become entangled due to the interaction with the
common external field, which is called the resonance in-
teraction. The quantum master equation is the essential
tool to calculate the energy shift due to the resonance
interaction. In the presence of the massless free scalar
field, the thermalization theorem holds for a uniformly
accelerating particle detector. The thermal nature can be
observed when the inertial approximation is maintained.
The non-thermal characters arise when centripetal ac-
celeration present in the system. We can get back the
thermal limit when the radius of the circle is much larger
than the inter-atomic distance. For interaction with the
massive scalar field, the length scale dependency is sim-
ilar to the massless case. For aL << 1, it has a 1/L
dependence and for aL >> 1, it has a 1/
√
aL3 depen-
dence. The major aspect of the massive scalar field case
is the retarded response. It is expected that RCPI shows
a periodic response. In the presence of mass, we get a re-
tarded periodic response, which is basically governed by a
m2 factor. When the inertial approximation is not valid,
then the phase-lag is also modified by the centripetal ac-
celeration. If we consider an electromagnetic-vector field,
the response function is also corrected by a a2 term, and
the non-Planck factor is also present. As a result, the
RCPI exhibits a non-thermal behavior, which is also in-
dependent of the inertial approximation. In both the lim-
its (aL >> 1, aL << 1), the amplitude of RCPI decays
much faster than the massless case. The amplitude also
depends on the Zeeman energy of the atoms. A retarded
response was also noticed in this case. The oscillatory
behavior of RCPI changes the nature of forces in each
period of the inter-atomic length scale. If we consider
this kind of interaction, the phase lag is present, which
can alter the characteristics of RCPI w.r.t the mass-less
case. It seems that an attractive RCPF for the mass-less
case may behave like a repulsive force for massive or EM
field case and vice versa. Surprisingly the effect of Zee-
man frequency on the phase lag for massive and EM field
cases is different. Increasing the Zeeman frequency, the
phase lag for a massive case goes to zero, whereas it has a
constant phase lag (δη = π/2) for the EM field. The char-
acteristics of the interaction also can be verified by us-
ing the polarization-transfer technique. The expectation
value of energy is different for mass-less, massive, and
EM field case. The magnetization transfer time should
be different for them, as tin = π/(γδE). Similarly, in
the frequency domain, the energy peaks appear at dif-
ferent points, which is also used as an important tool to
distinguish the different responses. Future experimental
protocols can be designed by using NMR spectroscopy to
justify the Casimir effect in a circular storage ring.
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